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• Effect of the stress-induced change of entropy in inlithiated materials is analyzed.
• Contribution of the change of the mixture entropy to the apparent elastic modulus is determined.
• The reciprocal of the apparent elastic modulus of a lithiated material is a linear function of the concentration of lithium atoms.
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a b s t r a c t
To understand the ‘‘elastic softening’’ of Li–Si alloys for the development of Li-ion batteries, the effect of
stress-induced change of entropy on the mechanical properties of lithiated materials is examined within
the theories of thermodynamics and linear elasticity. An approach is presented whereby the change of
Gibbs free energy is governed by the change of the mixture entropy due to stress-induced migration of
mobile atoms, from which the contribution of the change of the mixture entropy to the apparent elastic
modulus of lithiatedmaterials is determined. The reciprocal of the apparent elastic modulus of a lithiated
material is a linear function of the concentration of mobile Li-atoms at a stress-free state and the square
of the mismatch strain per unit mole fraction of mobile Li-atoms.
© 2015 Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and Applied Mechanics.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/
by-nc-nd/4.0/).Lithium-ion batteries (LIBs) have attracted great interest for
possible use as the energy supply of plug-in electric vehicles and
plug-in hybrid electric vehicles [1]. In the heart of LIBs is the
conversion between electric energy and chemical energy through
the lithiation and de-lithiation of the active materials in elec-
trodes during cyclic charging and discharging, which involve elec-
trical–chemical–mechanical interaction. In general, the structural
durability of LIBs is dependent on the mechanical properties of ac-
tive materials at both the lithiated and de-lithiated states.
Using nanoindentation, Ratchford et al. [2,3] found Young’s
modulus of (52.0 ± 8.2) GPa and (35.4 ± 4.3) GPa for polycrys-
talline Li12Si7 and Li22Si5, respectively, which are smaller than the
Young’s modulus of polycrystalline Si. Hertzberg et al. [4], using
ex-situ nanoindentation, observed Young’s modulus of 12 GPa for
Li15Si4. Using atomic force microscopy, McAllister et al. [5] per-
formed in-situ nanoindentation of lithiated a-Si nanopillars and
found that the mechanical properties of the a-Si nanopillars de-
creased with the increased degrees of lithiation and only partially
recovered upon delithiation. Based on the change in substrate cur-
vature during lithiation and de-liathiation, Sethuraman et al. [6]
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license (http://creativecommons.org/licenses/by-nc-nd/4.0/).found biaxial modulus of ∼70 GPa and ∼35 GPa for Li0.32Si and
Li3.0Si, respectively. Using in-situ tensile test, Kushima et al. [7]
obtained the stress–strain curves of lithiated Si-nanowires, which
showed the Young’s modulus of the lithiated Si-nanowires is less
than that of virgin Si-nanowires.
Shenoy et al. [8] performed a first-principles calculation for
both amorphous and crystalline phases observed during the lithi-
ation of Si anodes, and their results showed that the homogenized
modulus of crystalline Li–Si phases decreases with increasing Li
concentration, qualitatively in accord with the trend observed by
Ratchford et al. [2,3] from the nanoindentation tests. Using the par-
ticle swarm optimization method in conjunction with ab initio cal-
culations, Cui et al. [9] showed the transition from disordered to
ordered states of Li–Si crystalline structures and the decrease of
elastic modulus of Li–Si phases with increasing Li concentration.
Considering the contribution of solute atoms to the Helmholtz free
energy of solid solution, Yang [10] derived a linear relationship
between Young’s modulus and the concentration of solute atoms.
However, none of them has discussed the ordering effect on the
change of apparent elastic modulus, while the lithiation-induced
migration of mobile (excess) atoms has been observed in various
materials, including graphene [11] and TiO2 [12].
In general, there exists an interaction between lithium mi-
gration and mechanical stress during electrochemical cycling of
retical and Applied Mechanics. This is an open access article under the CC BY-NC-ND
256 F. Yang / Theoretical and Applied Mechanics Letters 5 (2015) 255–257Fig. 1. Schematic of the uniaxial tension of a lithiated material.LIBs [10,13], which has been the base for the analysis of the
stress evolution in the active materials of electrodes. It is expected
that external stresses can introduce the re-distribution of mobile
Li-atoms in lithiated materials, which can alter the mechanical be-
havior of the lithiatedmaterials. It is the purpose of thiswork to an-
alyze the change of thermodynamic energy and mechanical strain
due to stress-induced distribution of mobile Li-atoms.
Consider that a lithiated material in a shape of rectangular
prism is subjected to uniaxial tensile stress, as shown in Fig. 1. The
distribution of mobile Li-atoms in the lithiated material is random
and disorder at a stress-free state, and the deformation is elastic
and infinitesimal. Under the condition of a constant applied stress,
σ , in the z-direction, the Gibbs free energy, G, per unit volume can
be written as
G = U − TS − σε. (1)
Here, U is the internal energy of the material per unit volume, T is
temperature, S is entropy per unit volume, and ε is tensile strain.
For the internal energy, there is
dU = TdS + σdε. (2)
Using Eq. (2), the increment of the Gibbs free energy of G can be
expressed as
dG = −SdT − εdσ . (3)
Under the condition that the concentration of mobile Li-atoms,
c0 (in the unit of per mole of material), remains unchanged during
elastic deformation, tensile strain can be calculated as
ε = − ∂G
∂σ

T ,c0
= εe + εc (4)
with εe representing the contribution from elastic deformation,
and εc representing the strain due to the presence of mobile Li-
atoms in the lithiated material. The elastic strain is expressed as
εe = σE (5)
and the strain due to the presence of mobile Li-atoms as
εc = χ(c0 +1c). (6)
Here, E is Young’smodulus,χ is the linear strain per unitmole frac-
tion of mobile Li-atoms, c0 is the concentration of mobile Li-atoms
at the stress-free state, and 1c is the change of the local concen-
tration of mobile Li-atoms induced by the tensile stress. The term
χ1c represents the strain due to the re-distribution (reposition-
ing) of mobile Li-atoms induced by the tensile stress.
Similar to themismatch strain, the constantχ can be calculated
as
χ = 1
a
da
dc0
(7)
with a being the average distance between atoms (lattice con-
stant). Substituting Eqs. (5) and (6) into Eq. (4) yields
∂G
∂σ

T ,c0
= −σ
E
− χ(c0 +1c), (8)
which gives
G = G0 + Gc − σ
2
2E
− χσ(c0 + ⟨1c⟩) (9)with G0 + Gc being the thermodynamic energy per unit volume of
the material without the deformation and ⟨1c⟩ being the average
change of the local concentration of mobile Li-atoms under the ac-
tion of the stress. Here, G0 is independent of the concentration of
mobile Li-atoms, and Gc (=− T1sm; sm is the entropy of mixture)
represents the contribution of the change of the entropy of mix-
ture.
The change of the entropy of mixture can be calculated by
following the method used in the analysis of rubber elasticity [14].
In general, mobile Li-atoms can only occupy limited positions
(sites) in an active material, such as interstitial sites in crystalline
materials, e.g. lithiated silicon, lithiated graphite, etc. Assume that
there are N0 sites available for mobile Li-atoms in x-direction per
mole of lithiatedmaterial, N0 is Avogadro’s constant. Introduce the
concentrations of the mobile Li-atoms in x-, y-, and z-sites as cx, cy,
and cz . At the stress-free state, there is cx = cy = cz ≡ c0 with cx+
cy + cz = 3c0. The number of total configurations, N , in which the
mobile Li-atoms occupy the x-, y-, and z-sites can be calculated as
N = N0!
(cxN0)![(1− cx)N0]! ·
N0!
(cyN0)![(1− cy)N0]!
· N0!
(czN0)![(1− cz)N0]!
=

N0!
(c0N0)![(1− c0)N0]!
3
. (10)
Using the Boltzmann equation, one obtains the entropy of mixture
at the stress-free state, s0m, as
s0m = −
3R
Ω
[c0 ln c0 + (1− c0) ln(1− c0)], (11)
where R is the gas constant andΩ is the molar volume.
It is known that there exists an interaction between atomic mi-
gration and mechanical stress [15–17]. External mechanical load-
ingwill cause themigration and re-distribution ofmobile Li-atoms
in the lithiated material. Under the action of the tensile stress, the
average concentration of mobile Li-atoms in the z-direction be-
comes c0+⟨1c⟩, i.e. cz = c0+⟨1c⟩. Consideringmass conservation
and the isotropic feature in the xy plane, one obtains the concen-
tration ofmobile Li-atoms in the x- and y-directions as c0−⟨1c⟩/2,
i.e. cx = cy = c0 − ⟨1c⟩/2. Following the same approach in deriv-
ing Eq. (11), one obtains the entropy of mixture under the action of
the tensile stress, sTm, as
sTm = −
3R
Ω
[c0 ln c0 + (1− c0) ln(1− c0)] − 3R(1c)
2
4Ωc0
, (12)
inwhich the approximation of ln(1−y) ≈ y+y2/2was used. From
Eqs. (11) and (12), the change of the entropy of mixture under the
action of the tensile stress is calculated as
1sm = sTm − s0m = −
3R(⟨1c⟩)2
4Ωc0
, (13)
which gives Gc as
Gc = 3RT (⟨1c⟩)
2
4Ωc0
. (14)
Both the change of the entropy of mixture and the change of
the Gibbs energy are inversely proportional to the equilibrium
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stress-free state and proportional to the square of the change of the
concentration of mobile Li-atoms in the z-direction induced by the
tensile stress.
According to Eq. (6), the strain due to the stress-induced
repositioning of mobile Li-atoms is determined by the parameter
χ and the local change of the concentration of themobile Li-atoms.
It is known that, under the action of the tensile stress, mobile Li-
atomswillmigrate in the activematerial until theGibbs free energy
reachesminimum at an equilibrium state. At the equilibrium state,
there is
∂G
∂(⟨1c⟩)

T ,σ
= 0. (15)
Substituting Eq. (14) into Eq. (9) and using Eq. (15) yield the change
of the equilibrium concentration of mobile Li-atoms, ⟨1ce⟩, under
the action of the tensile stress as
⟨1ce⟩ = 2Ωχc0σ3RT . (16)
According to Eqs. (4)–(6), one can find the resultant strain, εr, of
the rectangular prism under the action of the tensile stress as
εr = σE + χ(c0 + ⟨1c⟩)− χc0 =
σ
E
+ 2Ωχ
2c0σ
3RT
. (17)
Define the apparent elastic modulus, Eapp, as
Eapp = σ
εr
(18)
which is found as
1
Eapp
= 1
E
+ 2Ωχ
2c0
3RT
. (19)
Obviously, the presence of mobile Li-atoms in active materials can
introduce elastic softening due to the stress-induced redistribution
of mobile Li-atoms, which is qualitatively in accord with the
observation by McAllister et al. [5].
Consider a lithiated material of LizX. The concentration of mo-
bile Li-atoms in X is c0. Using the relationship between volumetric
strain and linear strain, the linear strain of the LizXmaterial due to
the presence of the mobile Li-atoms can be expressed as
εl = VLizX(c0)− VLizX(0)3VLizX(0)
(20)
with VLizX(0) being the volume of the lithiated material without
any mobile (excess) Li-atoms and VLizX(c0) being the volume with
themobile (excess) Li-atoms. Assuming that the linear strain is the
strain induced by the presence of the mobile Li-atoms, one obtains
χ = εl = VLizX(c0)− VLizX(0)3VLizX(0)
. (21)
Substituting Eq. (21) in Eq. (19) yields
1
Eapp
= 1
ELiZX
+ 2ΩLiZXc0
27RT

VLiZX(c0)− VLiZX(0)
VLiZX(0)
2
(22)
for the calculation of the apparent elastic modulus of the material
of LizX as a function of the concentration ofmobile Li-atoms, which
is due to the deformation-induced change of entropy. This result
suggests that the concentration dependence of elastic constants
in lithiated materials during charging and discharging likely is as-
sociated partially with the entropy change induced by the stress-
induced migration of mobile Li-atoms.For a dilute solution of a lithiated material with small specific
dilation induced by mobile (excess) Li-atoms, there is
VLiZX(c0) ≈ VLiZX(0)+
dVLiZX(0)
dc
c0, (23)
which gives
1
Eapp
= 1
ELiZX
+ 2ΩLiZXc
3
0
27RT

1
VLiZX(0)
dVLiZX(0)
dc
2
. (24)
In summary, the variation of the mechanical properties of
lithiated materials during charging and discharging is associated
with the microstructural change induced by mobile Li-atoms. The
stress-induced migration of mobile Li-atoms causes the change
of thermodynamic functions, resulting in the change of elastic
modulus. The work presented here has attempted to bring out
the potential importance of the stress-induced change of entropy
in lithiated materials in determining the variation of mechanical
properties with lithiation and de-lithiation. In particular, the study
has shown that the reciprocal of the apparent elastic modulus of a
lithiatedmaterial is a linear function of the concentration ofmobile
Li-atoms at the stress-free state and the square of the mismatch
strain per unit mole fraction of mobile Li-atoms, as introduced by
the mobile Li-atoms in the material.
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